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Domain, Codomain, Graph 2

Let U and V be two sets. A function from U to V is a triple (U,V,G),
where G is a subset of UxV, such that:

Yuel, V(v,,Vv,)eV?, [(uv,)eGa(y,Vv,)eGl> v, =V,
U is the domain of the function, V is the codomain, G is the graph.

Domain is {x,y,z},
codomain is {a,b,c,d},

graph is {(x,a),(z,a)3}. 'f
/ — pd

e
J Domain is {x,y,z},

codomain is {a,b,c,d},
/ graph is {(x,a),(y,c),(z,a)}-
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Consider a function f=(U,V,G).

{ueU | IveV, (u,Vv)eG} is the domain of definition of f.
{veV | Juel, (u,v)eG} is the range of f.

If the domain of definition is U then f is a total function.
If u belongs to the domain of definition then f is defined at u.
If U’ is a subset of the domain of definition then f is defined on U’

Domain of definition is {x,z},

range is {a}. v"
’ Domain of definition is {x,y,z},
range is {a,c}.
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Consider a function f=(U,V,G).

Let (u,v) be an element of G.
v is the image of u under f; it is denoted by f(u) (read “f of u”).
u is a preimage of v under f.

r
f(x)=a, i), f(z)=a ’
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Consider a function f=(U,V,G).

Let U’ be a subset of U and let V' be a subset of V.

{veVv | 3ueU’, (u,v)eG} is the image of U’ (under f);

it is denoted by f(U’).

{ueU | 3veV’, (u,v)eG} is the preimage of V' (under f);
it is denoted by f1(V’) (read “f inverse of V'").

f
() =F({z})={a}, f({yD=43,
f({x, Y1) =f({x,y,2)) ={a} ’V
Fi({a})=F1({a,b,c,d})={xz},

fr({b})=f*({b,c,d})={3}
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Consider the functionf: R—> R (read “f is a function from R to R

X 2—VX which maps x to 2—v/x")

Domain is R and codomain is R.
Domain of definition is [0,+c[ and range is ]—,2].
vx € [0,+[, f(x)=2—-Vx (e.g., f(=X1), f(0)=2, f(3)=2—-V3, f(9)=-1)

Consider the function g : [-10,10]- [0,+oo[
X - 2—V/X

Domain is [—10,10] and codomain is [0,+oo[.
Domain of definition is [0,4] and range is [0,2].

vx €[0,4], 9(x)=2-Vx (e.g., g(3<1), 9(0)=2, g(3)=2-V3, ¢9))
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More Notations 7

Consider a function f LT
Consider a function f : x = f(x) |
: : —- same
Consider a function x = f(x) |
A
Consider a function f(x) not allowed I
here -
Consider the* function x = 2—v/x | 7
d rsame
Consider the* function 2—v/x not all®
here | -

Consider the* function g : x> 2—v/x |

Consider a function h | R— [0,+oo[ |

* Domain is R? Codomain is R?
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Injections, Surjections, Bijections

Consider a function f from U to V.
Let D be the domain of definition of f.

f is injective, i.e., it is an injection, iff:
V(u,,u,) eD?, f(u,)="f(u,)—>u, =u,

f is surjective, i.e., it is a surjection, iff:
VveV,3dueD, fluy=v

f is bijective, i.e., it is a bijection, iff:
f is an injective and surjective total function.

f: RoR g: [0,+o[>R h: R>R- k: Rt—> R-
X —1/x2 X —>—1/x2 X —1/x2 X >—1/x2

injective surjective bijective
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Consider a function f=(U,V,G).

Let G-1={(v,u) e VxU | (u,v) e G} (read “G inverse”) and f-1=(V,U,G™1).
If f-1 is a function, it is called the inverse function of f.
We then say that f is invertible.

U /f\ v

f=1(v)
\ - /
f:RoR f-1is not g:R-oR gl:R-R
X b X2 a function x—1/(2x+1) X = (1-x)/(2x)
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Consider two functions f=(U,V,G) and g=(V,W,H).
Let K={(u,w)eUxW | IveV, (u,v) e GA(v,wW) eH}.

The function (U,W,K) is the composition of f and g.
It is denoted by gof (read “g compose f).

f: R>R g: R-R gof:R—-R fog:R—>R
X > X2 X —2x+1 X 2x2+1 X (2x+1)2
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Composition with the Inverse 11

Consider a bijective function f : U — U.
Then f-1 is a bijective function too, fof':U—-U and flof:U—>U

Uuru umu
f:R>R fl:R>R
X 3x-1 X (x+1)/3
f
/T
f1
\/
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Unary and Binary Operations 12

A unary operation ~ on a set S is a function from S to S.
For any s in S, we usually write ~s instead of ~(s).

— (opposite) is a unary operation on R.

A binary operation % on a set S is a function from S2 to S.
For any s and t in S, we usually write skt instead of x((s,t)).

+ and x (addition and multiplication) are binary operations on R.
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Consider two functions f and g from U to V.
Let ~ be a unary operation on V and let x be a binary operation on V.

~f: U-> V fxg:U->V
u— ~(f(u)) u— f(u) * g(u)

Consider two numeric functions f and g from U to V (and VSR).

JF:usv f2:U>V l.usv fl:usv
1
U= +/f(u u [f(u)P Uk ——
(u) w U |f(u)|
f+g:U->V fg:U->V f-g:U->V
um f(u) + g(u) u = f(u)g(u) um f(u)—g(u)
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